We p r e s e n t a new geometric way of c a l c u l a t i n g t h e a s y m p t o t i c b e h a v i o r o f unbounded r o o t l o c i o f a s t r i c t l y p r o p e r , l i n e a r ,
time i n v a r i a n t c o n t r o l system as l o o p gain-. Kouvaritakis, Shaked, Edmunds, Owens and o t h e r s [ 1 , 2 , 3 , 4 1 . Our approach,
The a s y m p t o t i c b e h a v i o r o f u n b o u n d e d r o o t l o c i h a s b e e n s t u d i e d e x t e n s i v e l y by
we f e e l , l e a d s t o more e x p l i c i t f o r m u l a e a n
d o u r m e t h o d s h a v e a p p l i c a t i o n s i n o t h e r a s y m p t o t i c c a l c u l a t i o n s a s w e l l f o r e xa m p l e , w e h a v e a p p l i e d t h e m t o t h e h i e r a r c h i c a l m u l t i p l e t i m e -s c a l e s a g g r e g a t i o n o f Markov c h a i n s w i t h weak c o u p l i n g [51. The d e t a i l s o f o u r a p p r o a c h
a r e p r e s e n t e d i n
[ 6 ] -h e r e we o n l y s t a t e t h e main r e s u l t s .
R e s t r i c t i o n s o f a L i n e a r Map
Given a l i n e a r map A from En t o an and two subspaces sl, s2 o f c o m p l e m e n t a r y d i m e n s i o n t h e l i n e a r map A(mod S ) 1 from S1 t o Q / S 2 i s d e f i n e d b y 2 1 (Here i s t a n d s f o r t h e i n c l u s i o n map and P f o r t h e c a n o n i c a l p r o j e c t i o n ) . 
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I t i s c l e a r t h a t i f A(mod S2) h a s s i m p l e n u l l s t r u c t u r e , t h e number ( c o u n t i n g m u l t i p l i c i t i e s ) o f i t s non-zero eigenvalues i s e q u a l t o i t s r a n k , or t h e d i m e n s i o n o f i t s range.
s s a i d t o h a v e s i m p l e s t r u c t u r e ass o c i a t e s w i t h a n e i g e n v a l u e
A i f A-XI (mod S 1 h a s s i m p l e n u l l s t r u c t u r e .
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! s1 2 2 . System Description, Assumptions and
Main Formulae
The system under study i s t h e s y s t e m o f F i q u r e l , where G ( s ) i s t h e mxm t r a n s f e r f u n c t i o n m a t r i x o f a l i n e a r , t i m e -i n v a r i a n t , s t r i c t l y p r o p e r c o n t r o l system assumed t o have Taylor expansion about Comments:
( -T h e s e a r e c l e a r l y t h e n e g a t i v e s o f t h e
E-
-z e r o e i g e n v a l u e s o f G 1'
Secocd Order T h e s e a r e g i v e n k y
T h i r d O r d e r
These are giver. by where 7 i s a nor.
-zero e i g e n v a l u e o f i , 3 (Here G l s t a n d s f o r ( a n y ) r i g h t p s e u d o -i n v e r s e o f G1), i . e .
G3 H i g h e r ( o r d e r r o o t l o c i f o r m u l a e may a l s o be w r i t t e r . . The 5 a s i E i d e a i s t c s o l v e t h e r r i a n g u l a r s y s t e m u s i n g r i g h t p s e u c ? o -i n v e r s e s . The Fredholm a l t e r n a t i v e i s k e p t t r a c k o f f t h r o u g h t h e c o m p u t at i o r by r e s t r i c t i r g i n t h e domain s u c c e s s i v e l y t o
N(G,) 3 {'(c,'~ . . . and modd1nc o u t i n t i e r a n g e 2 . 2 Simple :Jull S t r u c t u e a n d I n t e g e r O r d e r f o r A l l Unbounded Root Loci I n g e z e r a l , t h e b r a r c h e s a t S* o f t h e a l g e b r a i c f u n c t i o n d e f i n e d by d e t ( I + k G ( s ) ) = 0 h a v e a s y n p t o t i c e x p a n s i o n w i t h l e a d i n g t e n o f t h e fom. > ( k l r n I n s h o w i n g p o s s i b l e n o n -i n t e g r a l o r d e r u n b o u n d e d r o o t l o c i .
U s i n g t e c h n i q u e s o f v a n D o o r e n , e t a1 171 and some slmple assumptions i t may be shown t h a t t h e r e a r e o n l y i z t e g r a l o r d e r r o o t l o c i .
Assumption 1 (non degeneracy)
G ( s ) h a s n o r m a l ( o r g e n e r i c ) r a n k m. 
P i v o t s f o r t h e A s y m p t o t i c R o o t L o c i Under a f u r t h e r a s s u m p t i o n ( A s s u m p t i o n 3 ) t h e a s l m p t o t i c s e r i e s f o r t h e i n t e g r a l o r d e r unbounded r o o t l o c i i s given by
The l e a d i n g term i n t h e e x p a n s i o n of t h e O(1) term i n ( 3 . 1 ) i s r e f e r r e d t o a s t h e p i v o t o f t h e a s y m p t o t i c r o o t l o c u s .
Assumption 3 ( S i m p l e S t r u c t u r e )
Assume t h a t G1, c2, e3,. . . ,E have sirr.ple s t r u c t u r e a s s o c i a t e d w i t h a l l t h e i r e l g e n v a l u e s . where Z -h.I: = G -A I mod R(G1)'
and so on. In 161 we have discussed how the computation of the formulae given above can be mechanized in a numerically robust fashion using orthogonal rojections and the singular value decomposition.
